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1. Introduction

Pure spinors have turned out to be extremely useful in supersymmetric field theory and
string theory. They were used in an attempt to solve the auxiliary field problem for
N = 1,d = 10 super Yang-Mills (SYM) theory [I], but they made their first appearance
in the modern sense in [f], f] where it was shown how one could derive the equations
of motion for d = 10, N = 1 SYM and supergravity, including the gauge sector Chern-
Simons term, and for d = 11 supergravity, from the postulate of pure spinor integrability.
This amounts to assuming the existence of a BRST operator formed by contracting the
pure spinor with a suitable fermionic derivative. In the case of supergravity one has to
use either loop superspace or membrane superspace in order that the two- or three-form
potentials in d = 10 or d = 11 supergravity can be reinterpreted as one-form gauge fields



in the functional superspaces. Moreover, in [|-[f], a version of heterotic string theory
was given with N = 2 worldsheet supersymmetry in which pure spinor variables arise
naturally. Somewhat later, the pure spinor variables were reinterpreted as ghosts [ thereby
giving rise to a version of superstring theory which can be quantised in a way which
preserves spacetime supersymmetry manifestly. In a series of papers (see [§ for a review
and references) it was shown how particles and various strings could be formulated in terms
of pure spinors with the latter acting as ghosts for both kappa-symmetry and worldsheet
reparametrisations. An attempt was also made to describe the membrane in a similar way
but this is as yet not fully understood @, while d = 11 pure spinors have also been used
to describe superparticles and topological M-theory , @] Supergravity constraints and
pure spinors in d = 10 and d = 11 have recently been discussed from the perspective of
free differential algebras [[3-[L5].

Pure spinors also arise naturally in the cohomology of superspace, called spinorial
cohomology in [[L6]. Indeed, the spinorial cohomology groups for purely odd forms (i.e.
all odd indices), turn out to be isomorphic to the pure spinor cohomology groups if we
adopt the definition that a pure spinor \ satisfies Ay, A = 0. This coincides with the usual
definition in d = 10 but not in d = 11 where a pure spinor in Cartan’s sense also obeys
MYapA = 0. There are also spinorial cohomology groups with an additional vector index [[Lf],
relevant to the deformations of the dimension zero torsion, and groups for forms with mixed
even and odd indices [[I7]. The main application of spinorial cohomology groups has been
to the analysis of allowed deformations of theories with maximal supersymmetry for which
it is believed that there are no off-shell versions [[f-RJ.! The absence of auxiliary fields
means that one cannot write down higher-order invariants straightforwardly; instead they
have to be constructed using only the physical fields.

The construction of such invariants is the main topic of this paper. The idea is to
combine the cohomological approach with the superform (“ectoplasm”) method [B5—R7 of
constructing invariant integrals in d-dimensional spacetime from closed d-forms in super-
space. This was discussed for d = 11 in [[L7] and the general theory has been described in
a talk [R§]; some results were also given in an earlier paper [R9].

The organisation of the paper is as follows: in the next section we briefly review the
superform method, we discuss superspace cohomology in general, including cohomology
groups for odd forms taking their values in AFT}, where T} is the even tangent bundle, and
we give some simple examples of invariants. In section 3 we discuss the cohomology groups
for N = 1 supersymmetry in d = 10 and 11 and show how they can be used to construct
invariants. In section 4 we apply the theory to the explicit construction of various invariants
in the N = 1,d = 10 heterotic superstring effective action and show that most of them, up
to order o3, can be completely determined in this manner. These N = 1,d = 10 invariants
are also related to terms in the Type I superstring effective action by the usual heterotic-
Type I duality symmetry. We then discuss in section 5 the relation of the invariants to
pure spinor superstring scattering amplitudes, as well as possible generalisations to d = 11
and d = 10, N = 2 supergravity theories.

'For a recent discussion of the non-maximal case see [@]



2. Invariant integrals

2.1 Ectoplasm

In this subsection we shall briefly review the superform or ectoplasm method for con-
structing superinvariants [2§-R7]. This gives an elegant and practical way of computing
superspace integrals if the dimension of spacetime is small enough and can also be useful for
invariants which correspond to subsuperspace integrals. It is closely related to the notion
of rheonomy in the group manifold approach to supersymmetry [BJ] and the generalized
action principle [BI].
Let M be a supermanifold with d even dimensions, and let My denote its body. Let
s : My — M be a section of the projection 7 : M — My, and let J; be a closed d-form on
M. We claim that the integral
I:= / s*Jy (2.1)
My

is independent of the choice of section, provided that we are allowed to neglect surface
terms. Since the vertical directions in M correspond to the odd coordinates, it follows
that the integral I is invariant under supersymmetry. Note also that [ is unchanged if we
replace Jy by J;+ dK4_1, so that we are really interested in the dth de Rham cohomology
group. Note, however, that we are only interested in forms that can be constructed from
the physical fields of the theory under discussion, so that the relevant cohomology group
is Hg(phys), and this can be non-trivial even if the space itself is topologically trivial.
Indeed, we shall assume that spacetime is topologically trivial throughout the paper.

We sketch a proof of this claim. Let f; be a one parameter family of diffeomorphisms
of M generated by a vector field v, define the family of sections s; by s; = f; o s and set

I; = / spdg = / s¥o fidg . (2.2)
My My
Then
D i = / & Lo (2.3)
dt t|t=0 — Mo vd .

:/ s (diyJg + tpdJy)

My

:/ d(s* 1y Jy) - (2.4)
My

Hence if we assume the fields in the integrand fall off fast enough at infinity, or if My
is compact, we see that the right-hand-side vanishes thus justifying the claim. In practice,
it is usual to take s = e, the zero section, e(z) = (x,0). In this case we have

I:/dd;psmdmmljml,,,md(x,o). (2.5)

The superspaces of interest to us have the property that their tangent bundles T' can
be split invariantly into even and odd parts, T' = Ty & 11, with corresponding local bases



Eq = (E,, E,). If vis an odd vector field, v = v®E,, we can identify the leading component
of v®* with the parameter of local supersymmetry, and the above discussion shows that the
integral is indeed supersymmetric.

Equation (R.5) allows one to compute a component invariant integral systematically
even in a curved superspace. Letting Ej;? denote the supervielbein which relates coordi-
nate bases to preferred bases, and identifying the spacetime vielbein and gravitino fields by
em® = Ep®l and ¥, := E,,%|, where the bar denotes evaluation of a superfield at § = 0,
we have

_ d mi...m a a1 a a9 a1
I —/d TE d(emd doem " arag T dem,  emy P Um “ Jajag.ag T

cee + ’lzz)mdad e ’l/)mlal Jal...ad) ) (26)
where each of the Js is evaluated at 8 = 0.

2.2 Cohomology of superspace

In order to tackle the cohomology question it is useful to introduce the notion of (p,q)
forms, forms with p even and ¢ odd indices with respect to a preferred basis. If we let €2, ,
denote the space of such forms? we have

1
Qpgdw= mEﬁq . EPEY L EMwu 0 b (2.7)
where E* (E®) are preferred even (odd) basis forms dual to the basis vector fields E, (Ey)
introduced above.
The exterior derivative splits into four parts,

d=dy+d +tg+t, (2.8)

with bi-degrees (1,0),(0,1),(—1,2), (2, —1) respectively BJ]. It is easiest to write these
using covariant derivatives and the torsion. Thus dy ~ E4(V,+T,.") and dy ~ E*(Vo+T4.")
are even and odd derivatives while ¢ty and ¢; are algebraic operations involving the dimension
zero and three-halves components of the torsion tensor. The operation ¢y applied to a (p, q)-
form consists of contracting one of the even indices with the upper index on the dimension
zero torsion, T,g¢, followed by symmetrisation over the (¢ + 2) odd indices.

The identity d? = 0 splits into various components,

t2=0
dito + tod; = 0
d% + dotg + todyg = 0, (2.9)

together with some others which will not be needed in the following. The first of the
above equations allows us to introduce the cohomology groups H'?, the space of to-closed
(p, q)-forms modulo the ty exact ones [B3]. The groups H> := H? can be thought of as

2We use subscripts rather then the more usual superscripts for reasons which will become clear shortly.



(generalised) pure multi-spinors. When N = 1 and the dimension-zero torsion takes its
usual form, T,3° = —i(7¢)ag, an element of this group can be represented by a multi-spinor
with ¢ symmetrised indices which is gamma-traceless on each pair. Such an object is clearly
equivalent to an w of the form

w= A" AMWg a, (2.10)

where \ obeys the constraint
A (Y 0N =0 . (2.11)

In d = 10 such a spinor is a pure spinor in the sense of Cartan but this is not always
the case.

We can also define tg-cohomology groups for (0, q)-forms taking their values in A*Tp;
these will turn out to be useful for finding the H"? groups. To do this let us first define
the space Q];jé consisting of (p,q) forms taking their values in A*Ty ® ATy, i.e the space
of (p,q)-forms which are also (k,)-multivectors. The dimension-zero torsion can be made
to act in two ways on this space: firstly, we define ¢ty to act as before, i.e. ignoring the
multivector indices, and secondly we define a new operation t° : Q';jé — QFLIZL

P,q+1
components these operations are given by

br..bp.Bi... (¢+1)(q+2) bi...b,B1...B
(tow)all...aifgll,a??..aq+2 = 9 T(OllOZQCw\clal,fapil|7ol[3.__aq+2) s (212)
and
0 \b1bpg1,B1..81— 1 b1...bg,|B1...Bi— b

(t w)a11~~~“];+7‘§‘1~1~0‘q+l11 = (_1)p+q+ (k + 1)(q + 1)wt[111...a:7(|a1...alq 1PY‘TO‘qul)’Y b+1] ' (2'13)

It is straightforward to show that ¢ := tg + t° is nilpotent,
t?=0 & (to)? = (t°)2 = tot" + % =0 . (2.14)
The operation ¢t maps @ Q];::f;; to @ Q];:;f{:l +r+o Where the sum is over all integers

r. We shall be interested in the cohomology groups (Ht)lgjg := H}(A*T}). Since elements
of Qg:g are annihilated by ¢y and t°, this group is given by elements of this space modulo
elements of the form to\ + t°p where \ € Q]f:;)_z and p € Qg;ill .

The groups H? will form the starting point for the analysis of the cohomology groups
we are interested in. To go further we shall define the spinorial cohomology groups HE'?.
To do this we first define an odd derivative ds; which acts on elements of H*?. We set

dslw] == [diw], (2.15)

where the square brackets denote equivalence classes in H; [I7]]. This definition makes
sense because tg anticommutes with d;. This means that the right-hand side is unchanged
if w— w+top, for some p € Q41 42, and also that todiw = 0 because tow = 0. It is now
easy to show that d2> = 0. We have
dw] = dy[d1w]

= [diw]

= [~(todo + doto)w]

=0, (2.16)



where we have used (B.9). Given that d? = 0 we can define the cohomology groups H%"?
in the obvious way: HPY := Hy (H"?). The groups H? are isomorphic to the pure
spinor cohomology groups H %. The latter are defined by acting on multi-pure spinors w
of the type given in (B.11)) by Q = A*V,,. This operator squares to zero in a supergravity
background if the latter obeys pure spinor integrability.

We note in passing that one can also define spinorial cohomology groups for (0, ¢)-forms
taking their values in AFT,. Let h € Qg:g = Q9,4,(AFTp). We can define an odd exterior
derivative on such objects as follows:

(dih) - w=di(h-w)+ (=) h-dyw, (2.17)
where w € Q. o and where the dot denotes contraction on all the even indices. Explic-
itly,
al...a ai...ag q(q + 1) aj...a,
(dlh)all---akqﬂ =@+ Vo, hoclz---akqﬂ) + 2 Ttaraz” \’Yl\aa-lf-aqﬂ)
ai...ap_1|b a
+ (=) k(g + DT, ) (2.18)

A straightforward computation shows, provided that the dimension zero torsion is
covariantly constant, that
d2h = to\ +t% (2.19)

for some (computable) A € Q]fjg and p € Qg;_lﬂl We can therefore define ds[h] = [dyh] and
H{(A*Ty) = Hy,(H} (A"Tp)).

Now suppose we want to compute the de Rham cohomology group H}; we have to
find an n-form J, satisfying dJ,, = 0, modulo shifts of the form .J, — J, + dK,,_1. The
lowest-dimensional component of J is Jy ,; it satisfies

toJon =0 (2.20)
trivially and is subject to the gauge transformation
0Jon = toKin—2 . (2.21)

It is therefore given by an element of Hto ™. Now consider the (0,n + 1) component of
dJ =0,
d1<]0,n + t(]JLn_l =0. (2.22)

This is equivalent to
ds[Jon] =0 . (2.23)

This pattern continues as the dimension is increased: the possible solutions to the de
Rham cohomology problem are generated by elements of the spinorial cohomology groups
HL? where p + g = n. To find possible integral invariants using the superform method we
therefore have to study the groups HY'? ; p4+-¢ = d. However, it should be borne in mind that
not every such group element will lead to an integral invariant in flat superspace because
it could fail to contain J;o amongst its derived components. These are the invariants we
are most interested in and will be the focus of the rest of the paper. The invariants which
vanish in flat superspace will be referred to as nilpotent invariants.



2.3 Simple examples

A very easy example is given by N = 1,d = 2 superspace. The standard geometry is
determined by conventional constraints. The non-zero components of the torsion tensor are

Top® = —i(7)ap
T,s" = (7)g"S
T = —icap(75)°V5S, (2.24)

where S is a scalar superfield whose components are a dimension one auxiliary field, the
gravitino field strength and the curvature scalar. The cohomology group HS 2 consists of
scalar functions which can be identified with possible superspace Lagrangians. Using the
freedom to make K transformations we can choose

Jo,g = Z"'Y&QJ() N (2.25)

)

where 7372 denotes “y5” considered as a (0,2)-form. Similarly, we write

1
Tp2 = 2—p,E% . E"EPE*(Yay..ap)ap - (2.26)
It is easy to compute the components of Js; they are

Jap = i(75)asJo
Jaﬁ = (’YS’Ya)aﬁVBJO
Jap = —eap(iVOV o, +25Jp) . (2.27)

Given a particular Jy we can compute its components and then find the spacetime
action using (R.4). For example, the action for a spinning string may be obtained by taking

Jo = VoX - VOX | (2.28)

where X is the string field.

In d = 2, for any N, the curvature two-form R, is equal to g, F, where dF = 0.
The supergravity action, which is purely topological as for N = 0, is then given by setting
Jo=F.

In d = 3 the standard N = 1 superspace constraints are also purely conventional, with
Tog® = —i(7%)ap again. In this case we need to look for closed three-forms. It is easy to
see that H,? 3 — 0 and that Htl’2 is the space of scalar functions. We can choose J; 2 to be

J12 =1i71,2J0, (2.29)

where Jy is the superspace Lagrangian. As in the d = 2 case is it straightforward to
compute the component action using (P.4).

A more complicated example is provided by d = 4, N = 1 supergeometry. The groups
H,? 4 and Htl’3 are certainly not zero, but they cannot be used to generate Lagrangians forms
which give rise to non-zero invariants in flat superspace. The simplest possibility arises at



the next order and makes use of a non-vanishing element of Ht2 2 [BE. In two-component
notation we can take
Tabss = Jaa, 0,36 = EaB(aliI€ )50 (2.30)

which will lead to a solution of dJ = 0 if Jy is a chiral superfield, V4Jo = 0. This gives rise
to a chiral invariant, i.e. an integral over chiral superspace of Jy. To get a full superspace
integral one simply has to write Jp in terms of two anti-chiral derivatives acting on some
scalar superfield S.

The chiral example generalises straightforwardly to d = 4, N = 2 and indeed to higher
N, although these are more complicated. There are other types of invariant in N = 2 as
can be seen from the superaction approach [BJ or from harmonic superspace [B4] (see [BY
for a discussion of the relation between the two). In [Bf] some examples were derived
from higher-rank closed forms in harmonic superspace from which one can obtain closed
four-forms by integrating over the harmonic two-sphere.

2.4 An example of a nilpotent invariant

Consider on-shell d = 4, N = 1 supergravity in the absence of matter. The field strength
superfield is a chiral dimension three-halves field W3, obeying

VaWgsys = Cag»ﬂ; , (2.31)
where Cyg+5 is the totally symmetric Weyl spinor. If we set

Ja,@wé = Caﬁfy& (232)

with all other components of J with four spinor indices taken to vanish, then we claim that
dJ = 0 if the other non-vanishing components of J are

1
Japys = 7VaWsrs

1
Jabys = €4 <—W<aﬁ€Ww>e + E(m%)éW2> ; (2.33)

4
where we have used the standard correspondence between a vector and a pair of spinor
indices and where W?2 denotes the complete contraction of two Ws. For example, the fact
that V(4 Jgy6¢) = 0 follows immediately from (R.21).

2.5 Chern-Simons invariants

The invariants that can be constructed using the superform method fall broadly into two
classes: strict invariants, for which all the non-vanishing components of J are tensorial, and
the remainder, which can involve gauge potentials or perhaps explicit #s. Many examples
of invariants of the second type arise as Chern-Simons invariants, i.e. they include Chern-
Simons terms together with, generically, many other tensorial terms which are required
by supersymmetry. The general theory of such terms is as follows [B7]: let W be a closed
(d + 1)-form on a superspace M whose body My has dimension d, and suppose that W is



written explicitly as dZ where Z is a (local) d-form that involves gauge potentials; if W
can also be written as dK, where K is a tensorial d-form, then

J=K—Z (2.34)

is a closed d-form which one can use to form invariants using the superform method. Z
obviously gives rise to the Chern-Simons or Wess-Zumino term while K will give the rest
of the bosonic terms which go with it. Since W is a (d+ 1)-form it follows that it is exact in
de Rham cohomology since the latter coincides with that of the body for a supermanifold.
However, it might not be the case that it is exact for the right coefficients, which will be the
space of physical fields in most examples, and therefore exactness, or Weil triviality [Bg],
has to be checked explicitly in each case. A class of examples of this type is provided by
Green-Schwarz actions for various branes [B], B7]; the superform method therefore provides
a rather neat explanation of the relation between the kinetic and Wess-Zumino terms in
such actions. Another example is the R* invariant in d = 11 which includes the anomaly-
cancelling Chern-Simons term for the fivebrane [L7).

3. N=1ind=10and d =11

In this section we shall study the theory of the possible invariants that can arise in super-
gravity backgrounds in N = 1,d = 10 and d = 11. We shall make the analysis subject to
the assumption that the H; cohomology groups are determined by the allowed p-branes.
We do not have a proof of this statement but we know of no counterexample.

31 N=1d=10

The allowed p branes have p = 1 or p = 5. These couple to two- and six-form potentials
respectively and there are therefore associated closed three- and seven-form field strengths.
The dimension-zero components of these are proportional to 1 2 and 5 2 respectively, both
of which are annihilated by ¢g.

The group Hto 4 .= H} is isomorphic to the space of totally symmetric, gamma-traceless
g-spinors, i.e. the space of pure g-spinors. For p = 1 it is easy to see that Htl’0 = (0 while
Htl’1 is equal to the space of odd vector fields. An example of this occurs in on-shell
d = 10 super Maxwell theory. If F' denotes the field strength two-form, Fpo = 0, so that
toF11 = 0, and the solution to the latter equation being given by an element of Ht1 ’1; in
fact, it is the physical fermion field. There are two contributions to Ht1 ’2; the first is given
by (1,2)-forms w of the form

w12 =Y1,2f (3.1)

where f is an arbitrary function. However, for ¢ > 2, there are no further non-trivial
solutions that can be constructed using <1 o; this follows from the identity

(’Ya)(aﬁw'yl...w) = (’Yb)(aﬁ(’}’ba)wéw'yz...%)é7 (3.2)

where r = ¢ — 2. In other words, to-closed (1,7 4+ 2)-forms of the type 1 swo - are to-exact.



The remaining non-trivial possibilities are generated with the aid of v52. We find
HP9 D HIT2(APPTy), (3.3)

provided that p < 5 and ¢ > 2. To illustrate this consider a tg-closed (3,q + 2)-form w; if
it is non-trivial it can be written

W3,q+2 = 75,2>\(2):2 ) (3.4)

where the notation indicates that two of the even indices of 52 are contracted with the
even indices on . It is easy to see that changing A by #g pig_z will lead to a tg-closed change
to w and it is not difficult to see that the same will be true if we change \ by ¢° pé:;_l. Hence
the correct cohomology group is indeed th(/\kTo) as claimed. If the brane assumption is
correct, therefore, the non-vanishing H"? cohomology groups for N = 1,d = 10 are

1y = i
1,1 1,0
H," = Q0,0
1,9 _ 779—2/r4 0,0
Ht — Ht (A TO) + 5[]2 QO,O’ (] 2 2
HPY = HIT2(APPTy), q>2; pef{23,45}. (35

In order to form superinvariants the possible starting points for constructing closed
ten-forms are given by the cohomology groups HY'? with p + ¢ = 10 and p < 5. We have
H'0 = H]O, the space of ten-fold pure spinors, while H”? = HI™?(A5~PT,) for 1 < p < 5.
However, it turns out that only Hf S can give rise to non-nilpotent integral invariants,
because it is not possible to obtain non-zero Jijg s from any of the other possibilities. An

5,5 .
element of H,” can be written

Js55 = ¥5,2f0,3, (3.6)

where fo 3 determines an element of H}. Tt is easy to see that the lowest-order constraint
on Js 5 coming from dJ = 0 will be satisfied if

ds[fos3] =0, (3.7)

or, equivalently, f is in third pure spinor Q-cohomology group. Starting from this, one can
go on to find a solution for the rest of J. Note that if one were to be interested in nilpotent
invariants starting from some other J, 4, for example J3 7, then one would have to make
use of the generalised spinorial cohomology groups H¥(A!'Ty).

In flat superspace the pure spinor cohomology groups were analysed previously in [B9],
where it was shown that the only possibilities arise for 0 < ¢ < 3 and that H, % corresponds
to possible actions. This provides direct confirmation of the claim made above that there
are no other possibilities. On the other hand, the superform method remains valid in the
presence of a non-trivial supergravity background; if we can find elements of H 93 then we
can systematically find complete invariants using the superform construction.

— 10 —



3.2 N=1d=11

The situation in d = 11 is slightly simpler from the cohomological point of view since the
only scalar brane is the membrane. Thus the H; groups are generated by 722 which is tg
closed, but not exact, by the membrane identity. The non-trivial H; groups are

H) = H
HtLq o~ th_2(T(]), q 2 2
HM >~ HI72 ¢>2. (3.8)

To find a closed 11-form we therefore need to consider H}', HS(Ty) and H;. The
analysis of [[J] suggests that it is the last of these groups which is important for non-
nilpotent invariants. Thus we need to start with a (2,9)-form of the type

J2.9 = 122f07 - (3.9)

If [ fo,7] satisfies
ds[fo7] =0 (3.10)

this procedure will generate a closed 11-form and hence an invariant. Again, this analysis
will be valid in the presence of a non-trivial supergravity background.

4. Heterotic invariants

4.1 Conventions

The on-shell constraints for d = 10, N = 1 supergravity were first written down in [[{]
and there have since been many reformulations. For our purposes it is most convenient
to describe d = 10 supergravity in terms of the partially on-shell 128 + 128 multiplet [[1];
it is dual to the supercurrent multiplet which is conformal in the sense that the energy-
momentum tensor vanishes, but which has non-local aspects [ig]. The SG multiplet consists
of the graviton, the gravitino and the six-form potential Bg with field strength H7 = dBg;
in practice we will use the dual of H7 o which we write as Gp.. The partial on-shell nature
is reflected in the constraints which hold for the scalar curvature and the double gamma-
trace of the gravitino field strength W,;,. There is a fully off-shell version of the supergravity
theory [}, consisting of this multiplet together with two entire scalar superfields, but one
of the latter has dimension —6 and can only be non-zero starting at order o/>.> As we
shall only be interested in the field equations up to order a'? it is therefore reasonable to
take the supergravity constraints to be those of the 128 + 128 multiplet 43, i4]. We can
study the equations of motion by introducing the two-form potential By and its modified
field strength Hj satisfying dHs = o/ Xy : Xy = Tr(F? — R?) where F is the SYM
field strength tensor; this was done for the Chapline-Manton theory in [l§—[7] and more
generally in B3, fl§ -[F3] (see also [5]-F] for a different perspective, and [5d, F7] for a dual

3The second scalar superfield has dimension zero and contains the dilaton and dilatino.

— 11 —



approach).* Note, however, that at order o/® the constraints must be changed because Hy
obeys the modified Bianchi identity, dH7; = o3 Xy, where Xg is an invariant eight-form
constructed from R, F' whose form is determined by the anomaly-cancellation mechanism;
indeed, it was noted that this has to be the case in [6(]. Moreover, it is precisely at this
order that the negative-dimension auxiliary field can first be non-zero and this also implies
a modification of the dimension-zero torsion [5g, [i4].

The torsion tensor is given by

Taﬁc = _Z'('Vc)aﬁ
Ta57 =Tuw=0

Tabc =0
1
Taﬁﬂy = (’ch)ﬁ’yGabc + E(VGde)ﬁ’beCd
Tabﬂy = \I/abﬂy : (41)

We can decompose the gravitino field-strength into irreducible, gamma-traceless com-
ponents:

Vap = Yab + Va¥) + Yo, (4.2)

and the constraint referred to above is simply that ¢» = 0. The components of the curvature
tensor are given by

. 1 e
Ra,@,cd =4 <(’Y )a,Bche + E(VCdefg)aﬁG fg)

7
Robed = 5(7b‘1jcd — Yabe + Yelbd)a (4.3)

while the leading component of R .q is the spacetime curvature. The curvature scalar
obeys the constraint

R = 12G .G . (4.4)

The non-zero components of Hy are

Habcdeaﬁ = _i(’}’abcde)aﬁa (45)
or, more concisely, Hs 2 = —i752, and
Habcdefg = _2Eabcdefghithij . (46)

We shall only need the three-form to zeroth order in o/. Its non-zero components are

Haﬁc = _Z.S(Vc)aﬁ
H[lb’\/ - _(’YabX)’y

4An up-to-date summary and clarification can be found in E]
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as well as Hype. The scalar field S = exp 2¢/3, where ¢ is the dilaton, and the dilatino is
defined by xo = DoS. The Hj3 Bianchi identity also implies that

1 2
Gape = 3 exp <—?> Hpe (4.8)
and ; ;
D, = —(v)agDeS — —Hgpe - 4.9
X5 = 5(")aDaS — 2= Has (1.9

The above equations are valid in what we shall refer to as the brane frame; the relation
between the bosonic metrics in the two frames is

gB = exp <—%> gs - (4.10)

At leading order the SYM field strength F' obeys the usual constraint that F,,z = 0; it
follows that
Fop = (VbA)a ) (411)

where A® is the gaugino field. We then find that

]
DaAﬁ = _Z(’Yab)aﬁFab

DoFop = 2(7[a)Db}A)a - 2(T[aPYb}A)a7 (412)

where T, denotes the dimension-one torsion viewed as a matrix in spin space. In principle,
there could be corrections to F,g at order o/, but we shall not consider these here as it
is probable that such corrections vanish. At order a/?, however, there is the well-known
correction which corresponds to the F* term in the Born-Infeld action [p1, fJ). In flat
superspace it is proportional to

2)

Fap= a’? (’yadee)agA’yabcAFde . (4.13)

In a supergravity background this has to be modified slightly:

2)

1
Fop= a? (’7ab6d6)aﬁA'yabcA(ezd)/ste + 5XVde) s (4.14)

2

in the brane frame.

4.2 Invariants

Higher-order corrections to the heterotic string action have been studied for many years,
see, for example, [f3—p@. The simplest complete supersymmetric invariant that can be
written down in d = 10 is [f7]

I= / d*%2 d'°9 Eg(¢), (4.15)

where F is the superdeterminant of the supervielbein. Clearly supersymmetry does not
completely fix this because it is an invariant for any function g. It will lead to an R* term
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in spacetime as long as the fourth derivative of g is not zero. The heterotic tree-level R*
term is of this type. In the ectoplasmic approach this invariant is generated by an fo3
which is schematically of the form D'g(¢). It is interesting to note that the so-called non-
minimal anomaly-free supergravity models have a non-vanishing Hg 3 which has a similar
structure [68, f9.

The remaining invariants we shall consider are of the Chern-Simons type and are
completely fixed by supersymmetry. We shall not go into the full details here but we shall
show that such invariants do indeed exist and identify the corresponding Js5s in some
cases. There are two possible closed eleven-forms:

W = a®HsXg and W@ =dH; X, . (4.16)

In order to show that these define invariants of the Chern-Simons type we have to
show that they can be written in the form W® = dK® for some tensorial Ks. Consider

3 we only need to know the field strengths to

W®: since we are only working to order o/
zeroth order. We know that Fj2 = 0, but it can be shown that it is also possible to choose
Ro2 = 0 at this order on-shell [B§]. This means that the lowest non-zero component of
Xg will be X4 4, and therefore the lowest component of w® is Wé? The task is to show

that this can be written as toKéQ; if this is the case then the fact that H"Y =0 for p > 6
indicates that there are no further obstructions to the existence of a suitable K(1). Since
Xg is closed it follows that t9X44 = 0 and so X4 4 = 7572Xé,’20. So

Wse ~ 71,2(75,2Xé7’8)
1,0
~ ¥5,2(71,2X(2)

~ to(75,2X1,2) 5 (4.17)

where X 7 is the form obtained by lowering the upper even index on X&’g and where we have
made use of 71 27752 = 0. Thus the result is established; the invariant can be obtained from
J = K — Z by the general procedure. Since these terms include the anomaly-cancelling CS
terms Z it follows that they arise at one-loop in the heterotic string, but one can explicitly
check that the correct factor of e® (i.e. no factor in the string frame) is present in the
fourth-order field strength terms which arise from K.

Now let us consider W®. Its lowest component is Ws(%) ~ v52X04. In this case we
know from the BPT theorem [BJ] that Tr(R A R) can be written as an exact form up
to a four-form whose leading component is of type (2,2), from which it follows that the
geometrical part of W) is guaranteed to be of the required dK? form to the order we are
considering. The same will be automatically true for the T7r(F A F) term, up to order o2
provided that there is no order o correction to Fp o, which we assume to be the case. We
therefore conclude that supersymmetric invariants can indeed be constructed from W ®).

In the case of W) we can consider expanding the field strengths up to order o/?, so
that we can obtain invariants at first, second and third order in o/. For example, at o/
there will be terms involving F* coming from Tr(R A R). These can arise as follows: since

Rp2 ~ G, we find that Kéil) has term from Tr(R A R) of the form G?. Now at order o it is
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(2)

easy to see that there is a contribution to G of the form e~2¢/3A2 and hence K¢y contains
e~49/3 A%, Since we need four odd derivatives to arrive at K 10,0 we will therefore obtain an
F* term in the spacetime invariant. It turns out that this term is at tree level in string
theory; i.e. it has a factor of e72? in the string frame. As expected from the analysis of 3.
this term is proportional to Tr(F?)Tr(F?) since it comes from the square of the Yang-Mills
scalar G. On the other hand, there is a second way of obtaining F* and that is from the o/?
deformation of Fyo. This term is proportional to T'r(F 4) and is actually a one-loop term
and must therefore be partnered with the By Xg in the effective string action. This is to be
expected as it is easy to see in components that the equations of motion of the two-form
and six-form theories with CS terms and modified field strengths are indeed equivalent.

For both of the CS invariants we have been discussing, the lowest component of K is
at least Kg 4, so that the lowest relevant component of J, namely Js5 5 = v5.2f0,3, actually
comes from the CS term. We shall conclude this subsection by working out fq 3 explicitly for
the one-loop SYM F* term from both Ws. To make life easier we shall consider an abelian
gauge field and a flat supergravity background. Consider first H;F?: the CS potential Z
can be chosen to be H;Y3 where Y is the CS three-form for F2. Thus

J55 = 75,2Y0,3, (4.18)
and hence fo3 = Yy 3. Now we have to include the a'? corrections in F2, so that

2
Yopy = Afa fF)ﬁv) ) (4.19)
and of course one takes the gamma-traceless part in the action. This expression agrees
with the fo 3 calculated explicitly from string amplitudes in the pure spinor approach as
expected (see section 5).
On the other hand, in the Hj3 version, we have Z = H3X,Y3 in the abelian case with
X, = F2. The lowest component of Z is therefore Zy g ~ Hy2F11F1,1Y12. We first show
that this is tg exact. We note that the only non-zero component of H in flat space is
Hi 9 ~ 71,2 while the fact that Fpo = 0 implies that

Yo3 =0
t()YLQ =0
d1YV172 + toYVQJ =0. (4.20)

Let us define M := H3F'; it is straightforward to show that its lowest component, Ms 3,
can be written

M3 =toN3 1, (4.21)
where Nypes ~ (VYabeN)s. Using (f20) and ({21)) we find
Zyg = —to(N31F1,1Y1,2) (4.22)

and so can be gauged away. At the next level

Zss = Hi2((F11)*Ya1 +2F1 1 FhoY12) (4.23)
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With a little algebra it is not difficult to see that
Z5,5 + dl(Ng’lFLlYVLg) = (Mg’g — leg’l)(F1’1)2A071 + {9 — exact . (4.24)

Since dM = 0 it follows that M3 o — di N3 1 is tg-closed. The exact part of this can be
ignored in (f.24), and the non-trivial part is proportional to 5o F 20 (where F20 is Fyo
with raised indices). The constant of proportionality cannot be zero since then Z5 5 would
also be trivial and the entire invariant would be a total derivative which it clearly is not.
We also know that F1271 ~ 7572L370, where L%¢ = Ay%°A. Hence, up to gauge terms

Zss ~ (15.2F*%)(15,2L%7) . (4.25)

If we discard all the gauge terms the resulting Z5 5 must be tg-closed, and it must be
non-trivial. We can therefore choose a gauge in which

(2)
Zs5 ~ V5.2f03 = 752401 Fo2 (4.26)

in agreement with the previous calculation.

5. Invariants from superstring amplitudes

5.1 Heterotic superstring amplitudes

The N = 1 d = 10 invariants constructed in the previous section can easily be verified to lin-
earised order by comparing with heterotic superstring scattering amplitude computations
using the pure spinor formalism. In comparing the invariants with scattering amplitudes,
it is important to note that scattering amplitudes are computed using vertex operators
constructed from superfields which satisfy linearised equations of motion. These linearised
equations of motion do not receive o/ corrections, and are invariant under linearised super-
symmetry transformations of the superfields.

However, the N = 1 d = 10 invariants of this paper are constructed using superfields
which satisfy non-linear equations of motion, and whose supersymmetry transformations
are also non-linear. This means that invariants which are lowest order in o/ and which
vanish on-shell (such as the supersymmetrisation of the Einstein-Hilbert term [ dlox\/ﬁR)
are zero (or total derivatives) using the superform method with on-shell superfields. Nev-
ertheless, superstring scattering amplitudes will include non-linear contributions from such
invariants (such as the tree-level scattering of three gravitons).

On the other hand, for invariants which are lowest order in o/ and do not vanish on-
shell (such as the non-abelian super-Yang-Mills action), the superform method allows the
construction of the complete invariant with manifest non-linear supersymmetry. However,
scattering amplitudes will only be able to compute contributions from these invariants
order-by-order in the linearised superfields, and these contributions will be manifestly in-
variant under the linearised supersymmetry.

In a flat background, heterotic superstring scattering amplitudes computed using the
pure spinor formalism are expressed as

A= (f(\z,0)) (5.1)
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where f(A,z,0) = A2A°X7 fo5. (2, 0) is a superfield of ghost-number 3, and ( ) denotes the
zero mode measure factor defined such that

(A™0) (A" 0)(MyP0) (0ymnpl)) = 1. (5.2)

When f(A,z,0) satisfies Qf = 0 where Q = A\“D,, is the BRST operator, the amplitude
A= (f(\ x,0)) is spacetime supersymmetric. It is not difficult to verify that the resulting
invariant corresponds to J55 = 752f0,3 where fo3 = fay. So the superform method for
constructing invariants is directly related to the zero-mode measure factor in the pure
spinor formalism.

For three-point heterotic massless tree amplitudes,

A= (/)2 (Vi(21)Va(22)Va(23)) (5:3)

where V' = e\*[Aqr(x,0)J! + Bam(x,0)0z™] is the massless vertex operator, ¢ is the right-
moving reparameterization ghost, J! are the right-moving currents for the gauge group,
and A,; and B, are the linearised superfields for super-Yang-Mills and supergravity.
When A,; and By, satisfy the equations of motion

(7m”pqr)aﬁDaAﬁj = (ym"pqr)aﬁDaBﬁm =0, 0"Bgy =0"0,A31 = 0"0,Bgm =0,
(5.4)
the vertex operator V is BRST-closed with respect to the left and right-moving BRST
operators, @ = [dz A\*d, and Q = f dz(¢T + bedc) where T is the right-moving stress
tensor. It is easy to check that these equations for A,; and B,,, describe the linearised
on-shell super-Yang-Mills and supergravity fields.
After integration over the right-moving worldsheet fields, one obtains the expression

A= (f(\ z,0)) where

fapy = o/ Tr(ALAZAD) + o/ (K - BY)(K* - BR)(K' - BY)
+o/ (BY, - K*)Tr(AZA3) + o (BS - k°)Tr(A3AL) + o/ (BY - kM) Tr(A3AL)
+(By, - B3)(k' - B3) + (B2 - B})(k*- B)) + (B2 - By)(k* - B2) . (5.5)

The terms in fqg, proportional to o correspond to the cubic on-shell terms in w®
of equation (4.15), whereas the terms independent of o/ come from the cubic terms in the
Einstein-Hilbert action. For example, /T r(AéA%A%) is the onshell contribution to the
Yang-Mills Chern-Simons term Y{ 3 in equation ({.1§).

Since three-point massless amplitudes do not receive o corrections, one needs to con-
sider higher-point amplitudes to check invariants which are higher orders in o/. For ex-
ample, the four-point one-loop amplitude has been shown to lowest order in o to be
proportional to [0 A = (A*A°XY 5, (z,0)) where

fapy = Tr[Atlx(’ym"pqr)ﬁﬁ,(A%ymnpA?’)Fjr] + permutations. (5.6)

Comparing with (4.13)), one sees that Js5 = 752f03 where fo3 = TT(AQFB(?) as
desired.
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5.2 N =2 d =10 invariants

Just as NV =1 d = 10 invariants are related to scattering amplitudes for heterotic or open
superstrings, N = 2 d = 10 invariants are related to scattering amplitudes of Type 11
superstrings. Since vertex operators of Type II superstrings can be expressed as left-right
products of open superstring vertex operators, it is natural to propose that N =2 d = 10
invariants are related to superforms

fo33 ™~ fopraps (5.7)

where the first subscript denotes the number of vector indices, the second subscript denotes
the number of unhatted “left-moving” spinor indices, and the third subscript denotes the
number of hatted “right-moving” spinor indices. For the Type IIA superstring, hatted and
unhatted spinor indices have opposite chirality, while for the Type IIB superstring, they
have the same chirality.

Type II superstring amplitudes using the pure spinor formalism are expressed as

A= (f) (5:8)

where f = A2\ A AGAB R faﬁwd@‘y is BRST closed with respect to @ = [dzA*d, and

Q= f dz\& A@, A* and A are pure spinors satisfying A%\ = 5\70‘5\ =0, and
((A™0)(AY"0) (M7 0) (05mnpt) (M 90) (A" 0) (Ay*0) (Byqrs0)) = 1. (5.9)

So, at least to linearised level, there is a supersymmetric N = 2 d = 10 invariant
associated with fq 3 3. For the N = 2A case, one can relate this invariant with the superform

method by defining

J0,5,5 = 7?§:defa5»y)(d3»”y(Vabcde)jg)7 (5'10)

which is the component of lowest dimension of a closed 10-form as we shall show in subsec-
tion (5.4). However, an analogous construction does not work for the N = 2B case since
’ygflfde (Vabede) 5. =0 if the hatted and unhatted spinor indices have the same chirality.

An alternative method for constructing N = 2A d = 10 invariants is to dimensionally
reduce N = 1 d = 11 invariants. Using the pure spinor version of the d = 11 superme-
mbrane, amplitudes are computed as A = (f) where f has ghost-number seven and the
zero model measure factor is of the form ((8)°(\)7) = 1. The resulting d = 11 invariant is
obtained from the superform whose component of lowest dimension is Js 9 = ¥2.2fo,7. This
invariant can be obtained directly as a CS invariant starting from the closed twelve-form
W = G4Xg, where G4 is the supergravity four-form field strength and Xg the anomaly-

cancelling R?* eight-form [[4]. It is reasonable to assume that the lowest non-vanishing

component of K is K3g , so that Jyg = —Z39. From this we conclude that it is possible
to take fo 7 to be proportional to Yy 7 where dY7 = Xg.
To dimensionally reduce, suppose that the d = 11 superform J,1110-n =
11

Jay..any1 ai..a10—n 15 independent of the d = 11 coordinate x**. Then it is easy to show
that

Ji, = Jirl (5.11)

n 11 aj...an a1...10—n
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is a closed 10-form which defines an N = 2A d = 10 invariant. Note that J, dj%l_n vanishes

n
Jd:lO

10— vanishes for n <1 when defined using this method.

for n < 2, so

An obvious question is how to relate these superstring and supermembrane construc-
tions of N = 2A d = 10 invariants. The relation is not obvious since the supermembrane
method constructs an invariant whose component of lowest dimension is J; 9, whereas the
invariant constructed using the superstring method has Jp 19 as its component of lowest di-
mension. Furthermore, Jy 19 constructed using the superstring method has five hatted and
five unhatted indices, whereas the supermembrane-derived J; g9 naively has no restriction
on the relative number of hatted and unhatted spinor indices.

5.3 Proposal for N = 2 invariants using doubled superspace

In the previous subsection, we presented two approaches for constructing N = 24 invariants
using the superform method. However, despite the fact that Type ITA and Type IIB
superstrings are related by T-duality, neither of these approaches appear to be useful for
constructing N = 2B invariants. In this subsection, we present an alternative proposal
for constructing N = 2 invariants which works equally well for N = 24 and N = 2B.
However, we have not yet checked the consistency of this proposal at the non-linear level.

This alternative proposal for constructing N = 2 supersymmetric invariants involves
doubling both the number of bosonic coordinates and fermionic coordinates; it was first
discussed in [[1], [3]. The bosonic coordinates in this “doubled” superspace will be called

™ and 2™ for m,7m = 0 to 9, and the fermionic coordinates will be called #* and 0 for

x
it = 1 to 16. One then defines the supervierbeins Fj/4 and EMA where M = (m, p)
and M = (1, i) describe the curved coordinates and A = (a,) and A = (&, &) describe
the tangent-space indices. In a flat background, the only non-vanishing torsions will be
defined to be T,,3% = —i(v*)ap and T&éa = —i(yé)&é.

Such a doubled formalism has previously appeared in discussions of T-duality for the
heterotic superstring [[73, [4] as well as in the Type II superstring. Although we have not
yet checked the consistency of the latter construction at the non-linear level (see [[§ for
some partical results on this), we think it is a promising possibility for constructing N = 2

d = 10 invariants using the superform method.
Superforms f Ay AroiAr. Ao in this “doubled” superspace contain 10 unhatted indices

and 10 hatted indices, where A is either a or o and A is either @ or &. Furthermore, all
components f of this superform are constrained to satisfy

Ry (5.12)

dxm?  9pm

so that f only depends on 10 bosonic and 32 fermionic coordinates. It is easy to see that
if fis a closed 20-form satisfying the above constraint the integral

10 Ni... 17
/d T gy €O MO Jmy..maoyig .m0 (5.13)
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is invariant under N = 2 d = 10 supersymmetry where [ d"z;_, means that one is to set

#™ = 2™ and integrate over ™. Note that this invariant can also be written as

10 10 4, N1 .07
/d X /d X fml m1o Eml o fml...mlo;fnl...rhlo (514)

where 2™ — ™ is defined to take values on a compact space of unit volume.
Using this doubled superspace, we conjecture that a closed (10;10) superform can be
constructed such that the component of f with lowest dimension is

f5,5:5,5 = 75,2:0,0 70,0:5,2 £0,3:0,3 (5.15)

where v52.00 = 72161‘“'”5, 0,052 = 7?}“‘m5, and fo 3,03 is defined in eq. (5.7). At the
linearised level, it is easy to see that Sucﬁ a definition would lead to the invariants described
by Type II superstring amplitudes using the measure factor of eq. (5.9). For example, just
as the cubic super-Yang-Mills amplitude is described by fo3 = AnAgA, where A, is the
spinor super-Yang-Mills gauge potential, the cubic contribution to N = 2 supergravity
is described by fo3.03 = BadBﬁBB’Y’Y where B,gs is the spinor-spinor component of the
antisymmetric tensor superfield which can be interpreted as the “left-right” product of two
spinor super-Yang-Mills gauge potentials.

5.4 Remarks on N =2, d =10 cohomology

Provided that the H}*? cohomology groups are determined by scalar branes, for N = 2,d =
10 it follows that these will only be non-zero for p = 0,1, since there are only strings in
this case. Consider a tg-closed (1, ¢)-form w in ITA; it can be written

wig = T4 o042, (5.16)

where Pi,z denotes I',I'1; viewed as a (1,2)-form and where I' denotes the 32 x 32 Dirac
matrices. Now w will change by a ty exact term if p does, but it will also do so if p is
changed by Fg72p0,q_4. This means that the d = 10 IIA group Htl’q is isomorphic to the
d = 11 group Hl? ’q_2, q > 2. This explains how dimensional reduction from d = 11 to
N = 2,d = 10 works cohomologically because the relevant groups are still the d = 11 ones.

In IIB there are two strings and hence two possible (1,2)-forms which can be used to
write down elements of Htl’q.

There are other groups we can consider in N = 2 as there is now a triple-grading of

forms: Qp o =3 Qprs, where the (1, s) labels correspond to unhatted and hatted odd
indices. We also have
to = 10+ 7o (5.17)
di = 9 + 0y
th=mn+"71,

where the tri-degrees are (—1,2,0) ((—1,0,2) for 75 (%), (0,1,0) ((0,0,1) for & (8;) and
(2,-1,0) ((2,0,—1)) for 71 (71). In principle one could also have a component of ¢y with
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tri-degree (—1, 1, 1) but it vanishes in on-shell supergravity. One can easily write out d? = 0
in terms of these operations. There are various cohomology groups that can be constructed.
For example, one can define HY"*| the space of Tg-closed (p,r, s)-forms modulo the exact
ones. Since 0179 + 790 = 0 and 0? + 7ody + do7o = 0 we can define spinorial cohomology
groups of the form HY"® and similarly for the hatted sector. However, in general it does
not seem to be very easy to analyse the spinorial cohomology groups we are interested in
terms of these partial ones.

We shall give one example, in ITA, which relates to the Jy 55 discussed in eq.(p.10).
Suppose we have a (0,7, s)-form wp, s, with r, s > 3, and suppose that

wo,rs = Lo2,2f0,r—2,5-2 (5.18)

where
To22 := 7520702, (5.19)

i.e. the contraction of two five-index gamma-matrices considered as a (0,2,2)-form. We
would like to construct a closed (r + s)-form w starting from wp, ;. We can solve the first
non-trivial component of dw = 0 if

Owo,r,s + Tow1r—1,s = 0 (5.20)

%Owl,r—l,s = 07
and similarly for the hatted components. The first of these is satisfied if
O for—2,s—2 + T0f1,r—35—2=0. (5.21)

If this is so, then

O1wo,rs = —L0,2270f1,r—3,5—2 (5.22)
~(v5.2.07°.02) (V120 r_3.5-2) -

Now we can use the fact that v5207v1,20 = 0 to shuffle the indices so that the even
index on 71 2,9 is contracted with one of the even indices of 7570,2. This means that we can
choose w1 ,_1,s to be

Wir—1,s = 75,0,294,7’—1,5—2 ) (523)
where
Gar—15-2~ Y520 r—3.5-2 - (5.24)

It is now immediate that w; ,_; s defined by (5.29) is annihilated by 7. Similar con-
siderations apply to w1, s—1.

6. Discussion

In this paper, we combined the superform method with pure spinor cohomology to construct
invariants with manifest N = 1 d = 10 supersymmetry. This method was used to construct
on-shell invariants of the heterotic superstring effective action up to order (a/)? corrections
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including supersymmetrisation of the F?, R?, F* R* BF* and BR* terms. Although
we did not attempt to expand these invariants in terms of component fields it should
be straightforward to perform this component expansion by evaluating the J, 10—y, forms
which appear in the invariants.

There are several possible generalisations of our results. One obvious one is to construct
invariants for terms in the effective action which are higher-order in o/. It would be very
interesting to identify restrictions imposed by supersymmetry which constrain the possible
couplings to the dilaton. Since the dilaton counts loops, these restrictions might be used
for testing string duality conjectures as in [fq].

Another possible generalisation is to use the superform method to construct d = 11 and
N =2 d =10 invariants. As discussed in section (5.2), there are some unresolved puzzles
concerning the relation of these invariants, and it would also be of interest to investigate
further the doubled superspace proposal of section (5.3).
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